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1.  Introduction  and  Summary. 

A variety  of  qualitative  concepts  of  positive  dependence  have  been  de- 
fined! studied,  and  applied  in  reliability,  in  areas  of  statistics  such  as 

analysis  of  variance,  multivariate  tests  of  hypotheses,  sequential  testing, 
and  in  probability  inequality  theory.  (See,  e.g. , Esary,  Proschan  and  Walkup 
(1967),  sidfit  (1958) , Mallow  (1966),  Brindley  and  Tbaap sen  (1972),  Yanagiaoto 

# I 

(3972),  Serfling  (l>75)»  Barlow  mid  Proschan  (l?75)»  Aim.  and  V'allenius 
(1976),  Kemperman  (1977),  Tong  (1977a,  1977b),  Shahed  (1977),  Jogdeo  (1977, 
1978),  and  Ifykstra  end  i.e  ctt  (1970),  uiuqug  ethers). 

In  the  present  paper  we  study  multivariate  versions  of  bivariate  positive 
dependence,  namely  positive  quadrant  dependence  (introduced  by  Lehmann,  1966) 
and  right  tail  increasing  dependence  (introduced  by  Esary  and  Proschan,  1972). 

In  Section  3 we  develop  the  basic  theory  for  positively  orthant  dependent 
(POD)  random  vectors  (see  Def.  2.4);  POD  is  the  multivariate  version  of  posi- 
tive quadrant  dependence.  We  point  out  that  POD  random  vectors  enjoy  proper- 
ties analogous  to  the  basic  properties  possessed  by  associated  random  varia- 
bles. (See  Esary,  Proschan,  and  Walkup,  1967.)  In  addition,  we  obtain  several 
basic  preservation  properties  for  POD  random  vectors.  These  permit  us  to  ex- 
tend the  class  of  POD  random  vectors  to  Include  a large  number  of  cases  of 
practical  interest. 

In  Section  4 we  develop  the  basic  theory  of  right  tail  increasing  in 
sequence  (RTIS)  random  vectors;  see  Def.  4.1.  We  point  out  that  the  RTIS  pro- 
perty , although  similar  in  concept  to  the  earlier  conditionally  increasing  in 
sequence  (CI8)  property  (see  Def.  2.2),  neither  implies  nor  is  implied  by  the 
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CIS  property.  However,  both  RTIS  and  CIS  yield  the  useful  POD  Inequality 
(2.1).  Ve  develop  several  easily  checked  conditions  fpr  demonstrating 
that  a random  vector  is  HTI8.  Finally,  ve  show  that  RTIS  random  vectofs 
arise  In  certain  cases  of  sampling  when  the  underlying  distribution  pos- 

_ V.  » 

cos  sc-  a random  parameter. 

In  Bectlon  5 ve  present  a sampling  of  useful  applications  of  the 
theory  developed  in  Sections  3 and  U for  POD  and  RTIS  random  vectors , 
respectively.  These  include: 

. . V.  * 

(a)  The  MAH OVA  problem  with  known  covariance  matrix, 

(b)  A characterization  <~f  independence  in  2 x 2 contingency  tables, 

(c)  The  demonstration  of  RTIS  for  random  vectors  governed  by  certain 
veil  known  distributions  or  sampling  schemes, 

(d)  Many  veil  known  measures  of  association  are  shown  to  be  positive  in 
commonly  occurring  sampling  situations;  these  include  Kendall's  t, 
Spearman's  p , and  Blomqvist's  q. 

o 

(e)  Competing  risk  model  with  proportional  failure  rates,  mutual  inde- 
pendence not  assumed;  the  model  is  applicable  in  both  biometry  and 
reliability, 

(f)  Pro'  ability  inequalities  using  POD,  applicable  to  the  absolute  normal 

distribution  with  random  means , the  multivariate  noncentral  t distri- 
bution , and  the  multivariate  gamma  distribution.  Additional  appli- 
cations exist,  but  are  left  for  subsequent  papers.  . . 
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2 . Preliminaries . 

Ji-'t  - ' ...  • . '■  • “ * . ‘ ('.i.  , > 

In  this  section  we  present  definitions , notations,  and  basic  facts 
used  throughout  the  paper. 

We  use  "increasing"  in  place  of  "nondecreasing"  and  "decreasing”  in 
place  of  "nonincreasing"  throughout. 

2.1.  Definition  (Karlin,  1968).  A function  f: R2  ♦ (0,  •)  is  totally 
positive  of  order  2 (TT*2)  if 

y ^ f(*lt  y2) 

f(xg,  yx)  f(xg,  y2) 


for  each  choice  x^  < x^,  y1  < y 2» 

2.2.  Definition.  The  random  variables  , . . . , Xq  are  condition 
increasing  in  sequence  (CIS)  if  for  i ■ 2,  3,  ....  n,  and  all  real  x^ 

PtXi  > xjx^^  m •••»  * x±-1] 

is  increasing  in  x^,  ...»  x^. 

2. 3.  Definition  (Bsary,  Pros chan ; and  Walkup,  1967).  The  random 
variables  X^,  . ...  XQ  are  associated  if 

Cov[f(X1,  ...»  XQ),  g(Xx Xn)]  a 0 


for  all  increasing  real  valued  Botrel  measurable  functions  f,  g for  vftich 
tbs  covariance  exists. 


, .a  ♦ 


. *?  ■ ' '\f*  \ . 

2.U.  Definition.  The  random  variables  X^,  , XQ  are  mutually 

positively  orthant  dependent  (POD)  if 

* 1 l*a 

n n 

(2.1)  P(  n (X.  > at.)]  k D P(X.  > x.) 

i-1  11  i-1  1 1 


for  all  real  mashers  x^ , ...,  xq.  For  n - 2 , POD  coincides  with  positive 

_ /..V  J U l"*  • • . 

quadrant  dependence  (POP)  (Lehmann,  1966). 


2.5.  Definition  (Barlow  and  Pros  chan,  1975)*  Let  n be  an  Integer 
exceeding  2.  A function  fsR11  [0,  •)  is  said  to  be  totally  positive  of 
2 in  pairs  (TPg  in  pairs)  if  for  any  pair  of  arguments  Xy  Xy 

f (x^ , ....  Xj , . . . , xq ) , viewed  as  a function  of  x1 , Xj  with  the 

remaining  arguments  fixed,  is  TPg. 


2.6,  Re^Tir.  Def . 2.4  differs  from  the  one  used  in  the  literature 
(see,  for  example,  Dykstra,  Hevett,  and  Thompson,  1973)  i»  that  ve  use 
the  right  tail  (survival)  probabilities  for  our  definition  and  they  use 
the  left  tail  probabilities.  More  precisely,  Dysktra  et  al.  (1973)  define 

*““*  ■ "*  . * i. 

....  Xn  to  be  POD  if 

n n 

(2.2)  P[  n (X.  s x.)]  k n P(X.  s x.) 

i-1  1 i-1  1 1 

The  reader  should  notice  that  (2.1)  and  (2.2)  coincide  only  if  h"*  2i1, 
However,  for  n > 2,  the  two  expressions  are  not  equivalent,  for  if  ve 
1st  X1,  Xg,  and  X3  be  random  variables  taking  values  (2,  1,  1),  (l,  2,  1), 
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(l»  1»  2),  and  (2,  2,  2)  each  with  probability  1/1*,  then  simple  calcula- 
tions yield 

3 3 

P(  n (X.  > 1)]  - 1/4  > 1/8  « n P(X  > 1), 
i-1  1 i-1  1 

while 

3 3 

P[  n (X  s 1)]  » 0 < 1/8  ■ n p(x.  s 1). 
i-1  1 i»l  1 

As  a matter  of  fact,  POD  is  Introduced  as  a weaker  concept  of  posi- 
tive dependency  among  random  variables  than  association.  Since  associa- 
tion implies  both  (2.1)  and  (2.2)  (Barlow  and  Broschan,  1975,  Theorem, 

1975,  Theorem  3.2,  p.  33),  there  is  no  reason  to  prefer  one  definition  over 
the  other,  except  that  Definition  2.4  is  more  directly  meaningful  in  uhe 
reliability  context. 

2J..  . Lemma,  f^ # # ,Xn(xl»  **’  xn}  is  TP2  **  ^rB  **  h xn 

are  CIS  X^,  ...,  XQ  are  associated  , . ..,  X^  are  associated 
9 • e e § &TC  POD • 

(A  proof  of  Leona  2.7  appears  in  Esary,  Pros chan,  and  Walkup,  1967.) 
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3.  Positively  Orthapt  Dependent  Random  Variables. 

In  this  section  ve  present  theoretical  results  shout  POD  random  var- 
iables. Before  introducing  the  main  results  of  this  section,  let  us  pre- 
sent some  of  the  desirable  properties  of  POD  random  variables. 


It  is  fairly  easy  to  prove  that 

(PQ)  Any  set  of  independent  random  variables  is  POD. 

(P^)  Any  subset  of  POD  random  variables  is  POD. 

(Pg)  The  set  consisting  of  a single  random  variable  is  POD. 

(P3)  If  ...»  XQ  are  POD  and  g1»  ... , are  real  valued  increasing 
functions,  then  , ....  gQ(Xn)  are  POD. 

(P^)  The  union  of  independent  sets  of  POD  random  variables  are  POD. 

The  multivariate  exponential  "(Marshall  and  Olkin,  1967),  the  multi- 
variate absolute  value  normal  (Sidak,  1973),  the  negative  multinomial, 
and  the  multivariate  negative  hypergeometric  (Jogdeo  and  Patil,  1975) 
are  typical  examples  of  distributions  of  POD  random  variables.  For  other 
interesting  examples , see  Ahmed,  Le6n,  and  Pros chan  (1978). 

Finally , it  may  be  of  interest  to  note  that  pairvise  POD  does  not 
imply  mutually  PCD.  To  see  this,  consider  the  following  example. 

Example,  bet  ft  be  the  set  of  equally  likely  integers,  w,  where 
1 s w s 8.  Then  let  ■ (1,  2,  3,  U),  Ag  « {1,  2,  5,  6),  and 

A^  * {3*  b,  5*  6)  be  subsets  of  ft.  Further,  let  be  the  random  varia- 
ble defined  by  the  indicator  function  of  the  set  for  i ■ 1,  2,  and  3. 

Clearly,  (X^ , Xj)  are  independent,  hence  POD,  for  all  i * J ; 

J ■ 1*  2,  and  3.  Therefore,  X^  Xg,  and  X^  are  pairwise  POD. 


liicajr; 


Thus  X1,  X2,  and  X3  are  not  mutually  POD.  Next,  we  show  that  POD  is  "inher- 
ited” under  certain  commonly  encountered  mixing  processes. 

The  proofs  of  the  following  two  subsections  will  make  considerable  use 
of  some  of  the  properties  of  positive  quadrant  dependence  and  association 
established  in  Esary,  Proschan,  and  Walkup  (1967),  and  Esaiy  and  Proschan 
(1972). 


* °r  convenience  and  ease  of  reference,  the  necessary  definitions 
terminology,  and  basic  facts  are  listed  below. 

3.0.1.  Definition  A random  vector  Y is  said  to  be  stochastics! 
increasing  in  the  random  vector  X if 


CovM^),  g(Xg)]  i 


for  all  increasing  real  valued  Borel  measurable  functions  f , g for  vhlch 
the  covariance  exists. 

The  following  properties  hold  for  associated  random  variables: 

(Pj)  The  set  consisting  of  a single  randan  variable  is  associated. 

(Pg)  Increasing  functions  of  associated  random  variables  are  associated. 

We  are  now  in  a position  to  present  the  principal  results  of  this 
section. 

3.1.  POD  Random  Variables. 

Although  the  theoretical  results  of  this  section  and  the  section  to 
follow  may  be  stated  for  probability  distributions  defined  on  a general 
measure  space  with  a partied  ordering,  for  our  applications  it  suffices 
to  consider  probability  distributions  defined  on  a measurable  rectangle 
in  H^n-dimensional  Euclidean  space)  endowed  with  the  usual  componentwise 
partial  ordering. 

3.1.1.  Theorem.  Let  (a)  X^  Xg,  given  Y,  be  conditionally  PQD » (b)  X^st. 

in  Y for  i ■ 1,  2,  and  (c)  Y be  associated.  Then  X^,  Xg  are  PQD. 

The  same  conclusion  is  true  if  in  (b)  + replaces  +. 

Proof.  Let  f,  g be  increasing  real  valued  Borel  measurable  bounded 
functions.  In  view  of  Theorem  3.0.2,  it  is  enough  to  show  that 

Cov[f(X1) , g(Xg)]  * 0. 

lot*  that 

(3.1) 


Cov[f(X1)#  g(Xg)J  - EfCqytfU^,  g(Xg)]|Y> 
♦ Cov{E(f(X1)|Y],  E[g(Xg)|Y]}. 


f 


1 
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Conditioned  on  Y.,  X^,  Xg  are  PQD.  Thus,  by  Th.  3.0.2,  the  first 

term  on  the  right  side  of  (3.1)  is  nonnegative. 

Prom  Def.  3.0.1,  the  conditional  expectations  in  the  second  term  on 
the  right  of  (3.1)  are  increasing  functions  of  Y_.  Qy  assumption,  Y is 
associated.  Thus  by  (P^) , the  covariance  of  the  conditional  expectations 
in  the  second  term  is  nonnegative.  It  follows  that 

CovtfO^),  g(Xg)]  2 0. 

Thus,  3^,  Xg , are  PQD.  || 

We  now  turn  to  a generalization  of  the  above  result  for: 

3.2.  POD  Random  Variables. 

IJ*t  X **  (3C^,  ... , XQ)  and  Y * (Y^,  ***  * We  8k*H  find  the  following 

theorem  useful  in  applications. 

; l 

3.2.1.  Theorem.  Let  (a)  given  Y,  be  conditionally  POD,  (b)'  Xj+st. 

in  Y for  i * 1,  2,  ...»  n,  and  (c)  Y be  associated.  Then  (l)  (X,  Y)  are 
POD,  and  (2)  in  particular,  X ic  POD.  The  same  conclusion  hold  if  in  (b) 

+ replaces  +. 

f 

"^fortunately , the  elementary  proof  of  Theorem  3.1.1.  for  the  bivar- 
iate case(PQD)  does  not  extend  to  higher  dimensions  (POD).  For  this  rea- 
son we  present  the  following  lemma,  which  is  of  interest  in  its  -own  right , 
since  it  yields  a theorem  of  Dykstra,  Hewett,  and  Thompson  (1973,  Sec  • .3. 
Theorem  1)  and  constitutes  a generalization  of  Kimball's  (1951)  result. 

Die  lenxna  will  play  a crucial  role  in  proving  Theorem  3.2.1. 

3.2.2.  Lemma.  If  Y^,  ...,  Ya  are  associated  and  if  8J(y1»  ...»  7m) 


ue  Inequality  la  true  if  the  g's  are  decreasing  Instead  of  lncreas- 
If  k • 2,  and  the  expectations  exist,  ve  nay  omit  the  reauirenent 


Proof.  We  shall  prove  the  lemma  by  induction . 

Suppose  k » 2.  By  the  definition  of  association  (Def.  2.3),  and 
feet  that  ...»  y ) is  increasing  in  all  arguments , the  inequal' 


Hov  svqppose  (3.2)  holds  for  k *•  1;  i.e 


ve  obtain  the  conclusion  of  the  1< 


3.2.3.  Remark.  The  conclusion  of  Lenma  3.2.2.  vas  obtained  by 
Pyskra , Hevett , and  Thompson  (1973)  under  the  assmption  that  Y. , .. 


are  CIS , vhich  ia  a stronger  assumption  than  our  assumption  of  associa- 

t v ■ • .■•>*:  • * ' 

tion  in  Lama  3.2.2.  furthermore,  if  m ■ 1,  Lemma  3.2.2  can  be  used  to 

generalise  Kimball's  (1951)  theorem  since  any  real  random  variable  is 

associated. 


£*oMr.i:to.ta  1 »st 

i.  •.•jn.cvef'  t,<ns!?wi\ 

Proof  of  Theorem  3.2.1. 


Vti's-’Vr  : Oii'f-" 

(1)  Observe  that 
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■rttttoia  i-i 


..j  ito  r 'i~iob 


■:'V' 


P[  n (X  > x±),  n (Y  > y )]  - E„{P[  n (X  > x.)|Y]  . I _ } 

1»1  1 J-1  1 J - 1*1  (fey,  > X,)} 

-«;i£ILr  J J 


n 

Ey.<  n PlX,  > x ll]  . I ) . 

-‘-I 


. s\i  ,-.J  i LidBdot'-» 


"3riJ  .3>ir’  . . .tn»J>flsqf 


d.i 


n 

* n E-Ptt.  > x.|Y)  . EyI  m 

‘-1-  -‘A'Y’/j) 

n ■ , ‘•■■•••arcf  ft y.Xi-  ' : ! ^ir  r 

■ r "i  iv  r J , 

A 

• *•  i f* 

P*Ki  * • Vjdi#  .launoi-JJmos  TO- 

1-1  ~ w V ” ffr** 


n ! a .>  1 

* n p(x.  > x.)  . n p(y,  > y,). 

1*1  1 1 J-1  J J 

: •*  u.rc-:  ‘ • . • i'.  r *- 


.,.,,jf|!|j.,flr»|llnequality  follows  from  assutijption  (a).  The  second  and 
the  third  inequalities  follow  from  assumptions  (b) , (c),  together  with*' 

Lama  2.3.2.  Thus  Xj.,  ....  Xn  Y1«  ...  M Jatemoi 

. .r  r ■ . 'Vm-r  r vi  nff.+  fOt*  ..  ■>  4b-fc  VtltWOli  •* 

Wr,»e  result  follows  immediately  from  (P-).  II 

,,,  „ . ,x;  T tfio  ,,  •,*'  * - • (,’>  ‘ i/ 


Let  (a)  X given  Z,  a scalar  random  variable®  be 


conditionally  POD,  and  (b)  X.  ♦ st.  in  Z for  i • 1,  ...»  n.  Than  X are  POD. 

1 4 

Proof.  The  proof  is  an  iaaediate  consequence  of  Th.  3.2.1  and  (P^).  || 

Car.  3.2.4  is  of  particular  interest  for^bteining  applications  of  value 


In  probability  and  statistical  theory.  In  statistics  mixtures  of  distri- 
butions arise  in  a variety  of  circumstances.  In  the  area  of  statistical 
decision  theory  the  variable  Z plays  the  role  of  a parameter  having  a 
prior  distribution.  Tot  most  problems  in  multiple  coa^ariioon , usually — " 
the  probability  of  a correct  decision  can  be  given  in  a form  (see,  for 

exasqple,  Tong,  1977b)  defined  by  a mixture  of  distributions. 

••  \ 1 • 

3.2.5.  Remark.  The  conclusion  of  Cor.  3.2.U  may  not  hold  if  the  assump- 
tion ♦ st.  in  Z for  i *1,  ....  n is  dropped,  as  sham  by  the  following: 


J.2.6. 


Le.  ~Tor  Z ■ 1,  2,  let 


(l)  (l)  ' t' 

* 0 a. s. , X2  1 be  uniformly  distributed  on  [0,  l])  with  probability  1/2 

and  • 

{X^2)  be  uniformly  distributed  on  [0,  1],  X*2)  - 0 a.sjwith  probability  1/2. 

Clearly , X^,  X^-i  given  Z,  are  conditionally  independent,  so  that  they 
are  conditionally  POD. 

However,  ZLfe  - 0 and  - EXg  - 1/b.  Thus  CorO^,  Xg)  < 0. 


Hence  X^  are  not  POp.  f._.  | f 

Hext,  we  show  that  the  property  of  POD 


random  variables  can 


be  created  and  preserved  through  suitable  combinations  and  transformations 

# 1 ^ 1 . ^1  * 1 

of  random  variables.  • v l'  ' ,"VrU" 


The  following  statements  are  true.  The  proof  in'  each  case  follows 


Th.  3.1.1,  <Pj),  and  the  faot  that  the  pair  (X,  X)  is  PQD. 


>U-  id  I’ ■'!■■■ 


...  rr«: 

• -r ; • 
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• 'nzr  • 
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i 
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iL An  Extension  of  a Concept  of  Positive 

In  this  section  we  extend  a useful  concept  of  bivariate  positive  de- 
pendence to  its  eulti variate  version.  We  develop  sufficient  conditions 
for  this  type  of  dependence,  and  derive  sosie  inequalities  and  monotonidty 
of  conditional  survival  functions  that  result  from  it.  The  inequalities 
can  be  used  to  determine  whether  over— (or  under—)  estimates  occur  when 
one  acts  as  if  positively  dependent  random  variables  are  independent. 

Esaxy  and  Pros chan  (1972)  define  a random  variable  ¥ to  be  right  tail 
increasing  (Ml)  In  a random  variable  X if 

5 < I-  ‘ * " 

P[y  > y|Xy»  .*]  v , 

• xiw». 

is  increasing  in  x for  all  real  numbers  y. 

In  the  multivariate  case  it  is  somewhat  surprising  that  no  of 

this  concept  has  yet  been  proposed.  In  this  section  we  define  a natural 

f;; 

multivariatei version  of  MI,  namely,  right  tail  increasing  in  sequence 

• i*  • • , xi'y-  :i*t.  • ’■ 

(MIS).  We  give  sufficient  conditions  for  Its  existence,  and  show  how 
At  relates  to  other  known  multivariate  dependence  notions. 


k.l.  Definition.  A sequence  of  random  variables  X, , ... , X ia  said 

,•*'  V, ^ n 

, I • , I , 'if*  ■ ■ 1 ‘ 

to  be  right  tail  increasing  in  sequence  (MIS),  if 

: o',  'twistt- 

1 ; T.-  'V  ' 

is  increasing  in  *j_,  ...»  for  i » 1,  2,  ...,  n - 1. 


O’: 

;i'T 


A.2.  Remark.  It  is  easy  to  verify  that  MIS  POD.  Thus,  showing 
that  a random  vector  is  MI8  Immediately  yields  Inequality  (2.1). 


Since  Xg  + st.  in  Xj  Xg  RTI  la  (See.  Esary.  and.  Proschan.  1972) 

....  . •.! 

it  nay  be  tempting  to  conjecture  that  ... , Xft  CIS  ->  XQ  RTIS. 

However,  this  is  hot  always  true.  To  see  this,  consider  the  following. 
U.3.  Example.  Let  X^,  given  (X^  Xg)  ■ (x^»  Xg)  be  distributed 

according  to  the  nonnal  H(x1  + Xg,  1) , and  let  (X^  Xg)  be  Jointly  dls- 


tributed  according  to 


A similar  example  can  easily  be  constructed  tq  show  that  RTIS  y*CIS 

• ..  <•'  ''  „ • : •) 

Thus  neither  concept  Implies  the  other. 

Motivated  by  Exanple  **.2,  we  present  easily  checked  sufficient 

*:  ' ' ' 

conditions  for  a sequence  of  random  variables  to  be  RTIS. 

The  following  theorem  can  be  applied  (see  Subsection  5.3)  in  a very 
general  context  to  deduce  monotonicity  of  the  contl on al  survival  probabil- 


ities mid  to  obtain  general  inequalities  for  a vide  variety  of  standard 


\*2 

a b c 

a 

b 

•£ 

.1  .2  .0 

.1  .0  .2 

...P— £ a3- 
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multivariate  distributions  and  processes. 

Q 

Theorem.  Let  f (x.  , ....  x ) = P[  n(X.  > x,)  ] be  TP_  in  each  pair 
of  argments  for  fixed  values  of  the  remaining  arguments.  Then  X^,  . . . ,XQ 
are  HTIS.  Moreover,  every  permutation  of  X1>  . . . , X is  RTIS. 

Proof.  Let  Xg,  ...»  xQ  be  fixed  at  Then  Fgfx^  *2^  18  TP2  1x1 

• i.*. 

-•  < x^  Xg  < •.  By  a result  of  Barlow  and  Proschan  (1975,  7b.  1».2,  p.  lb3) , 

1 

Xg  is  RTI  in  X-. 

For  fixed  Xg,  Fg^,  Xg,  Xg)  is  TPg  in  -•  < x^  Xg  < •.  Thus 

P[Xg  > Xg|Xg  > Xg,  X1  > x^]  is  i in  x^  for  all  Xg. 

Rjr  symmetry,  P(Xg  > Xg|Xg  > Xg,  Xx  > x^  is  * in  for  all  Xg.  It  follow 

that  r 

P(Xg  > Xg|Xg  > Xg,  X1  > x^]  is  t in  x^,  Xg  for  all  choices  of  Xg,  so 

that  Xg  is  BT1  in  (X^,  Xg).  Repetition  of  this  argument  yields  the  de- 

sired result  that  Xi  is  RTI  in  (X^,  ...,  Xj^)  for  i ■ 2,  ...,  n.  Thus 
X^,  XQ  are  RTIS.  By  symmetry,  every  permutation  Of  X^,  XQ  is  1 

• \ ' ‘ *• . t 

RTIS.  ||  Jr 

b.5.  Remark.  It  is  true  that  the  hypothesis  of  fh.  U.3,  together  with  an 
additional  condition  (See  Kempexman,  1977,  Sec.  6,  Assertions  (1)  and 
(ill))  also  yield  CIS  which  implies  POO.  However,  it  is  i^ortant  to  ’ 

note  that  the  inequalities  based  on  the  RTIS  concept  are  different  in 

■*  * • ’ . ' . ; '* ;•  • . . , t ... 

nature  from  those  obtained  using  the  CI8  concept.  Moreover,  it  is  obvious 

* ’ # ;#  * • • . J , 

from  Definition  U.l  that  the  amount  of  information  needid  to  demonstrate 
RTIS  Is  much  less  than  that  needed  to  demonstrate  CIS.  In  addition. 


th«re  are  situations , particularly  in  reliability  theory  and  biological 
(see  Subsections  5.3  and  5.5) 
relevant  concept. 

Another  interesting  sufficient  condition  for 


studl 


in  which  RUB 


be  conditionally  i.i.d  with  common  TPg  density  f(xit  A).  Then 

are  RPIS.  Moreover,  every  permutation  of  X1,  . . . , Xq  is  RTIS. 

Before  we  prove  Th.  4.5. , we  present  the  forllowing  notation 
flnitlon. 


We  define  X to  be 


if  X has  a density  h satisfying 


n.  (This  notion  is  called  m*-positlve  by 


Proof.  Since  ftz^  A)  is  TPg 


r 


1 
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, ' 


« r" 


(k.2) 


whenever  x^  i xj  and  A s A'. 


ftXj,  A) 

f(x'»  A) 

f V * • V ■*  1>- 

f(xit  A’) 

f(xj,  A') 

* 0 


• / *«rv 


■ o w.r’ 


\ ..  •••  / 


;,r  *v 


Multiplying  the  top  rov  of  (4.2)  by  n *v-, 

J*l.  i-1  3 


f (x.  ,A)  and  the  button  rov 


by  D f(x'»  A'j,  vhere  x.  s x!  for  all  J ■ 1»  ...»  n,  J * i»  ve  obtain: 
j#i  ,i«l  * J J 


hfx^  ...»  Xj,  ...»  3^;  A)  htx^^,  ...»  x^,  XJ*  Xi+x»  •••*  *&»  ^ 

h(x£,  ...»  x*^,  xi,  x’+1,  ...»  X^;  X)  h(x£»  ...»  X^;  A') 


i 0 


for  erery  x^  £ x^,  i-1,  ...»  n,  and  H V.  Thus  X la  TPD. 
lext  ve  need  the  following: 

4.8.  Def<"<^™>  (Harris,  1970).  A aet  of  ridden  variables 

...»  Xn  is  aaid  to  be  right  comer  aet  increasing  (RC8I)  if 

' n n 

P[  n (X±  > hj)!  n (Xt  > xj)l 


■ ■ v 


la  increasing  in  x£,  ...»  x£  for  every  choice  of  x^»  ...»  xq. 

4.9.  t*mm.  If  3^,  ...»  ^ asre  RCBI,  then  3^,  ...»  X^  «•  J®3®* 

Moreover,  every  pertmtation  of  3^,  ...»  Xn  la  HUB. 

mi T A itf-5 1 


’ C 


3^,  ...,  X^  are  RC8I.  Thus 


p[  n (X.  > x.)|  I (X.  > hi)) 
i-1  1 1 i-1  x 


1 IT  . J. 


• • . tr-:  • • 


-rw  -- 


' for  all  choices  of  x 


1.  ve  obtain 


Proof  of  Theorem  k.6.  By  Lenna  U.7,  X is  TPD.  By  Cor.  3.*»  of  Alan 
and  Wallenius  (1976),  X^  ....  \ are  RC8I.  By  Lensa  1».9,  the  proof 
follows . | | 

1 Jot  our  next  result  ve  need  the  following  definition • 

U.10.  Definition.  A set  of  n distribution  functions  P.^, 


is  said  to  have  condltl' 


20  - 


When  R(z)  • x°,  a > 0,  »e  obtain  the  familiar  Weibull  family  which  con- 
tains the  exponential  family  for  o ■ 1. 

. • r " 

' The  following  theorem  has  interesting  applications  involving  competing 
risks  or  fatigue  models;  see  Subsection  5.5. 

It. 11.  Theorem.  Let  , . ..,  Fq^  have  conditional  proportional 

hasard  functions , where  X is  distributed  according  to  G.  Then 
(1)  FjXx^  •••»  xn)  ■ / n F^)(x1)dO(X)  is  TPg  in  pairs,  and  (2)  X is  RTIS. 
Proof.  (1)  For  fixed  i,  J,  let  *k  be  fixed  for  all  k * i,  k * J t 


and  k ■ 1,  2,  ....  n.  We  may  write 


'i  si 


VV  ....  Xjt  • *y  •••»  xn)  * 

" 13  k«l 


we 


81nce  is  TPg  in  0 < xlt  X < •,  and  FxU)is  TPg  in  0 < x^ , X < • 

i J 

use  the  composition  theorem  (Karlin,  1968,  p . 17)  to  obtain  the  desired 
conclusion. 

(2)  nie  desired  conclusion  is  an  immediate  consequence  of  Th.  k.6.  | j 


{ - ) 

f f 

• < X 


. . v 
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5.  Applications  To  Statistics  and  Probability. 

5.1.  The  MANOVA  Problem  With  Known  Covariance  Matrix. 

In  this  type  of  problem,  one  observes  a normally  distributed  pxr  ran- 
dom matrix  [X]  with  E[X]  * [y].  The  columns  of  the  matrix  are  Independent 
with  common  covariance  j>  which  can  be  taken , without  any  loss  of  generality. 


as  I 


pxp' 


The  problem  Is  to  test  the  hypothesis: 


H0:  [y]  - [0] 


vs. 


[y]  * [0] 


The  maximal  Invariant  test  statistic  for  this  type  of  problem  is 


\ 


t 5 (^_,  • ••  t ^t) » 

vhere  t * mln(p,  r)  and  ...  z > 0 are  the  nonzero  characteris- 

- ■ ; - ' f 

tic  roots  of  XX' . 

To  study  the  distribution  of  t,  one  can  assume  that  [y]  * (a  di- 
agonal matrix  with  the  X's  on  its  main  diagonal),  since  l is  invariant. 

Then  XX*  has  the  same  distribution  as  TTf  , vhere  T is  now  a random 

pxp  ..  r.  *.  - • 

lower  triangular  matrix  whose  elements  (i  i j)  are  mutually  independent 
with  the  following  distributions: 

r * _ ' " j 

Tn  -v  txf(X1)]1/2, 

TU  ' 2S“>- 


T±J  * a(o,  1) 


# &■  * J « 
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For  p - 2,  if  rank  (y)  i 2,  i.e.,  if  A^  X & > o,  one  has  explicit 

expressions  for  the  tvo  characteristic  roots  of  TT*  in  terns  of 

xhe  elements  of  TT  in  terms  of  the  elements  of  T.  It  can  easily  be  shown 
that  given  (A^  Ag),  are  conditionally  PQD.  Furthermore , l±  is 

st.  t in  (A^  Ag),  for  i - 1,  2,  and  (A^  Ag)  is  associated.  Appealing 
to  Th.  3*1.1 » ve  obtain  the  following: 

Result.  Let  Z^)  be  constructed  as  described  Just  above, 
ttj.,  *g)  is  PQD,  i.e. 

* V *2  * V * P^  s * P(^g  s Ug) 


for  all  positive  real  numbers  i^,  Ug. 


>.2.  Characterization  of  Independence  in  2x2  Contir 


Tables. 


In  a 2 a 2 contingency  table,  the  experimenter  may  examine  the  a- 
vailable  data  as  to  the  occurrence  or  nonoccurence  of  the  events  [x1  s agj, 

vber®  *].»  X2  r#n^om  variables  and  a^,  a0  are  fixed  real  numbers. 

Jogdeo  (1968)  determines  a suitable  family  of  bivariate  distributions 
such  that  the  independence  of  the  events  above  is  equivalent  to  the  inde- 
pendence  of  the  paired  random  variables , and  introduces  a multivariate 
analog  of  the  bivariate  case. 

Theorem  (Jogdeo,  1968).  Let  Xg,  X3>  be  POD.  Bieh  Xj/Xg.  X^) 
be  POD.  Then  X^,  Xg , X^  are  independent  if  and  only  if 
U>  . ),  ) . 1.  2.  3.  and 

(2)  Any  one  pair,  say  (Xj,  Xg),  satisfies  B^XgJX^  • EfXjx^Edglx^, 


? Jv  yj  ij>  - '? 

' ....  m ft  . *"■  . <f.. 


We  extend  the  above  result  to  the  case  when  the  data  are  observed 
in  a random  environment;  i.e. , when  X,  , , and  XI  are  only  conditions: 


2.1.  Result.  Let  X, , X, 


and  X_,  given  A,  be  conditionally  POD 


5.3.  Monotonicity  In  Conditional  Distributions. 

A number  of  inequalities  have  been  derived  recently  for  various  mul- 
tivariate  distributions  and  then  used  to  obtain  conservative  «i»iV)trfroefnifl 
confidence  or  prediction  regions.  See,  for  example,  Broemelirv;  (1969), 
Folks  and  Antle  (1967),  Jensen  (1969,  1970),  Khatri  (1967) , Shaked  (1975) 
Sidak  (1973),  Jogdeo  (1977,  1978),  Tong  (1970,  1977),  and  Ahmed,  Ledn, 
and  Proschan  (1978).  A simple  unified  method  of  obtaining  such  inequali- 
ties is  by  shoving  that  the  random  variables  treated  are  OTIS. 

this  subsection  we  show  that  RTIS  exists  among  the  random  varia— 
blea , asd  among  certain  functions  of  them  that  are  governed  by  certain 
additional  multivariate  distributions.  We  rely  on  Th.  U.6  to  demonstrate 


1)  The  Multivariate  negative  Binomial  (Negative  Mult  in 


This  distribution  may  be  generated  as  follows.  Let 


By  Th.  4.6,  ve  immediately  obtain: 

5.3.1.  Result.  Let  X be  constructed  as  described  Just  above.  Then 
X is  RTI8. 


(il)  The  P6lya  Urn  Scheme  Random  Variables. 


Suppose  that  repeated  drawings  are  made  from  an  urn  vhich  contains 


replaced,  along  with  c > 0 balls  of  the  same  color.  Further,  assume  that 


1 if  the  drawing  is  red 

0 if  the  i&  drawing  is  black 


n.  It  can  be  shown  that  the  random  variables 


stochastically  equivalent  to  a mixture  of  independent  Bernoulli (X)  ran- 
dom variables  with  A v Oamma(^,  —).  By  Th.  4.6,  we  immediately  obtain 


2.  Result.  Let  X be  constructed  as  Just  above.  Then  X is  RTIS 


An  important  positive  dependence  property  can  be  defined  through  the 
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mixture  of  distribution  functions.  Let  *x(x)  denote  the  edf  of 

£ • F is  called  a mixture  of  distributions  if  there  are 

distribution  functions  Gj^(xj)  (which  depend  cm  X and  i)  and  H(X)  such  that 
F admits  the  representation 


F Cx,.  ....  x ) ■ / n gJ1)(x,)<JH(X). 
- Ai«l  A 1 


In  particular,  if  G*^)  does  not  depend  on  i,  i.e.,  ...»  XQ,  given 

. X,  are  conditionally  i.i.d,  then  the  unconditional  random  variables 

•••»  *n  will  be  PDM.  An  excellent  exposition  of  this  subject,  in- 

... 

eluding  related  interesting  results  in  probability  theory  and  statistics, 
appears  in  Shaked  (1977). 

Row  suppose  G^Xj^)  - G^(x),  vhere  G possesses  a TPg  density  in  (X,  x) 
hjr  Th.  J*.6,  ve  immediately  obtain: 

5«3»3.  Result.  Let  X be  PDM  such  that  X^j X has  a TPg  density.  Then 
X is  RTIS. 

. . 5.3.U.  Remark.  The  result  is  of  particular  interest  in  reliability 

theory , for  if  X^,  ... , XQ  are  the  random  life  lengths  of  n identical 

components  of  a complex  system  vhlch  operates  in  a random  environment , 
and  if,  given  the  environment  in  which  the  system  operates,  X^,  ...,  Xn, 

given  p,  are  i.i.d.  random  variables , where  p is  a measure  of  the  severity 
of  the  environment.  It  la  common  practice  to  compute  the  system  life  • 

V 

distribution  under  the  assumption  that  the  component  life  lengths  art.  in- 
dependent.  However,  if  X^,  given  p,  has  a TPg  density  in  (x,  p)  (e.g. , 


. - B mr  ■ 1 1 lioWim 


-,26 


^Ip  -V  Gamma  (a,  6)  ',  then  the  component  life  lengths  are  RTI8  Hence, 

it  bee  cases  possible  to  determine  whether  under-estimates  or  over-estimates  • 
result  ft* on  the  assunptlon  of  component  Independence , when  In  fact  the 


component  life  lengths  are  RTIS. 


An  loportant  class  of  distributions  with  positive  quadrant  dependence 


is  furnished  by  Theorem  5.4,1  below.  This  class  is  essentially  an  exten- 

■'  ' • * * • . i*  t,  - < 

sico  of  a similar  class  considered  by  Lehman  (1966,  Th.  l),  namely,  the 

t.  TJ.  r.  \ I.:  • . 

class  containing  the  measures  of  association,  Kendall's  t,  Spearman's  p, 
end  the  quadrant  measure  q considered  by  Blomoqvist  (1950),  since  we  allow 


the  pairs  of  random  variables  to  be  conditionally  PQD  (e.g. , dependent 
on  a random  environment),  i.e. , F1(xi , y±)  - /f“(x1,  y^dGfn),  where  0 

is  a probability  measure  defined  os  11  c s,  i 


Before  stating  this  theorem, ve  find  it  convenient  to  Introduce  the 

7 ' ' -i  - a l v r - 

following  definition.  We  say  that  real  valued  functions  f and  g of  n 
arguments  are  concordant  if,  considered  as  functions  of  the  i&  coordinate  . 
(with  all  other  coordinates  held  fixed) , they  are  monotone  in  the  same 
direction}  i.e.,  either  both  increasing  or  both  decreasing,  i ■ 1,...,  n. 
5.».1.  Theorem.  Let  (X^  Y^Jw,  ...,  (XQ,  Yq)|*>  be  independent 

■i 

pairs  of  random  variables  satisfying  the  conditions  of  Corollary  3.2.4,  with 
joint  distributions  F*,  f“,  respectively.  Let  f,  g : F?  R be  eon-  . 

eordant  functions.  Finally,  let  X - ft^,  ....  Xj  and  I • gfl^,  ....  Yj.  ! 
Then  (X,  T)  are  PQD. 


Using  Oi«  3.1.1,  V6  may  provs  lb.  5.^.1  by  arguments  similar 
to  those  used  in  the  proof  of  Theorem  l of  Lehmann  (1966).  | | 

Consider./ 

t ■ Cov[sgn(Xg  - X1)t  sgn(Yg  - Y^} 
and 

P,  • SCovfsgnfXg  - Xx),  Sgn(Y3  - Y^], 

where  the  X's  and  Y's  are  as  described  in  Th.  5.1*.l  Just  above,  t and  p 
are  known  as  Kendall's  and  Spearman's  measures  of  association,  respectively. 

let  u and  v denote  the  median  of  the  marginal  distributions  of  X and 
Y,  and  let  f(X)  and  g(Y)  denote  the  indicator  functions  of  the  events 
(*  > y)  and  Y > y)  respectively.  Then 


q - E[fg  ♦ (1  - f)(l  - g)  - f(i  - g)  - g(i  - f)] 

is  known  as  Blcmqvlst's  measure  of  association. 

We  note  here  that  Lehmann  <1966)  has  shown  that  if  (X1,  Y±)  is  PQD, 

...»  n,  then  t,  p , and  q are  all  nonnegative.  We  may  now  ex- 
tend Lehmann's  conclusion  to: 

4V  »'  *»  > 

5.^.2.  Wesult . (hder  the  hypothesis  of  Th.  $.b.l,  the  measures  of. 
poaltlv*  dependence  of  X and  Y,  Ksndell's  T, Spearman's  p|t  and  BlomqTlst's 

q,  are  all  nonnagatlve. 

?_.g.  -Competing  Bisks  with.  Proportional  Failure  Bates. 

Bm  results  of  this  subsection  apply  to  two  models,  the  competing 

0 - *€••*’  v':  l .* 

risk  model  la  biometry,  and  the  aeries  system  in  reliability. 

• ‘ '1 

1 ?|)  ftfE  “rl*?  dm  organism  is  subject  to  k causes  of 

death.  If  oanse  1 alone  were  operating,  the  random  llfelength  of  the  or- 


- 28  - 


fsmi«  would  be  T^,  1 » l,  ... , k.  From  data  obtained  whan  all  causes 


-:On. 


•ft  operating . the  problem  la  to  estimate  the  Joint  survival  function  of 


Tl»  •••.  Tk.  the  marginal  distributions  of  the  T1#  ....  as  well  as 

various  other  distributions  of  Interest.  Bee  Gail  (1975),  Betburaaan 

(1956),  Benjamin  and  Haycocks  (1970),  Moeschberger  and  David  (1971),  and 
David  (1976). 

1?J,  Series  System  Model..  The  component  of  a series  system  has 
random  llfelength  T^»  1 * 1,  . .. , k.  From  data  obtained  on  system  life- 


h t a 


length  T ■ mln(Tj,  . .. , T^)  and  the  component  causing  system  failure, 

the  problem  Is  to  estimate  the  Joint  survival  function  of  . . . , T^, , the 

(marginal)  distributions  of  the  k cceiponents,  and  the  distribution  of 
system  llfelength. 

In  the  literature,  it  Is  often  assumed  that  the  random  variables  „• 

Tl*  •••*  Tk  “■*  Butuany  Independent.  In  this  subsection  we  derive  bounds 
on  the  Joint  survival  function  of  ^ when  the  assumption  of 

Independence  is  Invalid.  (See  Hlandt-Johneon , 1976,  for  a discussion  of 


, ‘ > . -.  J ' 


the  biometric  case  sad  Cohen,  1968,  and  Langberg,  Prosehan,  and  Qulnsl, 
1977,  for  discussion  of  the  reliability  case).  To  derive  these  bounds, 
we  use  the  theoretical  results  established  In  Sec.  U. 


For  simplicity  we  use  the  language  of  the  reliability  model}  the 


•»  ‘ 


v . c. 


results,  however,  apply  equally  to  the  biometric  model.  Let 

V*>  - «Tj  « t).  »,<»>.  y . P(Ti  , v ....  - , vJ( 

_ . ..  ' whV*  • ■’ 

“d  FJ(tl V - > t,,  ...,  TL  > Vi.  Let 

1 • 

' ; «v  ...A  i ‘ 
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rJ(t)  * " »tj  l0g  VV  ■•••*  tk)U1-...-tk-t» 

the  failure  rate  of  conponent  J at  time  t given  the  system  le  still  func- 
tioning. Since  the  system  Is  a series  system , then  the  corresponding 

• : -1  \ "... 

system  failure  fate  r(t)  is  given  by 


vp" 


r(t)  ■ l r,(t). 
J-l  J 


In  sane  practical  situations  it  is  reasonable  to  assume  proportional 
failure  rate  functions  which  depend  on  a random  environment  (Harris  and 
Singpurvalla,  1968) . More  specifically. 


rj(t|X)  « a^r(t |X) , 


where  each  a > 0 and  £ a « 1,  and  X is  the  random  parameter  representing 
J J-l  J 


the  severity  of  the  environment.  £y  Th.  k.ll  we  immediately  obtain: 

. j 

$.5.1.  Result.  Let  , ...,  be  the  lifelengths  of  the  caapononts 


; • 


of  a series  system  vith  failure  rate  functions  as  described  Just  above. 

; • * , ]ti  \ ..  . J ■* 

Then  (a)  ...»  are  HTIS,  and  (b)  P(Tj  > t ^ , J-l,  ...  f k]  i 


D PIT,  > tj. 
J-l 


J ' ’J 


W' 


5*5.2.  Remark.  Theorems  b.t  and  U.ll  nay  also  be  used  to  show  that 

random  variables  X.,  ...,  X having  the  property  that  min  (a.X.)  has  a 

is  Jin  1 1 

. :)  . 

Weibull  distribution  for  every  choice  a^  * 0,  . ..,  aQ  > 0 are  KFX8}  i.e. , 
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P[  ala  U.X.)  > t]  » exp[-k(a. , ...»  alt®] 

lsisb  11  • n 


for  all  t i 0 ud  iqm  • > 0 and  kfa^  ....  aj  > 0.  (See  Lee,  1977, 

for  a detailed  analysis  of  this  class  of  randan  variables.)  Note  that 
the  multivariate  exponential  distribution  of  Ifershall  sad  Olkln,  1967, 
governs  random  variables  in  this  class. 

5.6.  Probability  Inequalities  Osina  POD. 

In  this  subsection,  by  using  the  POD  property,  m sham  horn  to  obtain 
a number  of  probability  Inequalities, for  random  variables  governed  by 
veil  know*  distributions.  We  rely  on  the  theory  developed  in  Section^ 3 
to  obtain  these  inequalities. 

(i)  - The  Absolute  Hemal  vith  Random  Means. 

Imt  (X^,  Xg)  have  the  bivariate  normal  distribution 


fe.  m2),  £ jj|» 


in- 


share  0 < p s pj/pg  < 1/p  or  1/p  s p^/pg  sp  <0.  Then  for  > 0,  Xg  > 0, 

. ••  * ' " »-  • ~ • •-  * - ''  i 

Das  Gupta  et  al.  (1971)  have  shown  that  (Ix^J,  J^|)  is  PQD.  In  fact,  this 
result  is  the  first  of  its  kind  for  the  case  of  nonsero  means. 

r jSL  u 

An  Interesting  extension  of  the  above  result,  based  on  Th.  3.1.1,  Is 
the  following.  . •• 

i»6.1.  • !«•*  (X1,  Xg)  have  the  bivariate  normal  distribution  : 

# 7 .,.1  7 ' ' '■ 

.1  £ jD  • 


«2  > 0 


' » . 

• ! : 


“*  0 < ( * • < 1/1  or  l/p  i 1 1 p < t m J u i r-T.  Then  for 
*1  * 0*  >2  * ®-  * *!•  «V  * ^]*  PtlXj.1  » J^WIXjl  * *,] 


Honcsntral  t Dirt  rib' 


* aJ“L  ■*t«aujr  Independent,  each  has  a unit  normal  distribution 
end  8 has  a X distribution  vith  v.  degrees  of  freedom.  Then  the  Joint 


distribution  of  is  a noncentral  multivariate  t distribution 

There  are  two  ways  in  which  positive  dependence  can  be  Introduced 
among  the  random  variables: 


(a)  Replacing  S^fey  tl 
X withy  degrees  of  freedom 


vith  S distributed 


rj  " (UJ  4 j - i 


' ' ana  independent  Sj's,  but  requiring 

(ui*  V to  baT*  “ equi -correlated  Joint  standardised  nult: 
distribution  with  a positive  correlation  coefficient . 

In  each  case,  the  quantltiea  added  to  the  U»s  in  the  numerate 
called  noncentrality  parameters.  If  every  neocentrality  paramete 
aero  the  distribution  is  called  a central  multivariate  t di.tribu 
An  lMdiate  consequence  of  ft.  3.2.1  is  the  following? 

Mtg,  (1)  Each  of  the  iltlvarlate  neneent^  ^ - 

"°t0"  *™**'lm t above  in  (a)  and  (b)  i.  POD;  i.... 


T r ;v.  • 
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• r* 


P[A  vj  *?**'*&$• 


vhere  the  I^.s  are  nonempty  subsets  of  (l,  2,  ....  B>  whose  felon  Is 


{l  | 2 9 • • • f &}  e 


(2)  The  sene  conclusion  is  true  if  in  (l),  X^  - X,  where  XlSa 


don  variable . 

(Ill)  - Multivariate 


Distributions , 


A distribution  with  a marginal  £ distribution  arises  naturally  la 
the  following  why.  Consider  a random  sample  of  size  n determined  by  n 
independent  vectors  (x^ X^),  i - i,  ....  n,  each  sector  having 

the  same  multinomial  distribution  with  variance-covariance  matrix  v with 
•feb  diagonal  element  equal  to  1.  Then  the  statistics 
n 


8 


*J  " J * 1.  ••••  ■•  each  have  *x^_1  distribution.  The 

Joint  distribution  of  8j_,  ....  Sp  may,  following  Krishnalah  (1963).  be 

CaU#d  • HAtlrarlate  chl-souare  diatributi^  it  i,'  slso  called  a 
fcsperaliied  Rayleigh  distrlbytlon  (sea Hiller,  1958).  For  a - 2,  the 
conditional  distribution  of  (X^  given  (X^.  ....  X.)  is  that 


ill 


Of  n independent  normal  variables  with  expected  values  (X^,  . . .A 


and  ccanon  rariance  (1-  p2),  where  P - Cor r(X  , X._),  , , a v. 

XI  12 


• lit 


5r®>*  3.1.1.  we  lanedlately  obtain: 

S.6.3  Result^  Let  8^  8g  be  constructed  as  Just  above.  Then 
(8lt  82)  Is  FQD. 


1 
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